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Fractional Calculus in the Transient Analysis
of Viscoelastically Damped Structures

Ronald L. Bagley* and Peter J. Torvikf
Air Force Institute of Technology, Wright-Patterson Air Force Base, Ohio

Fractional calculus is used to model the viscoelastic behavior of a damping layer in a simply supported beam.
The beam is analyzed by using both a continuum formulation and a finite element formulation to predict the
transient response to a step loading. The construction of the finite element equations of motion and the resulting
nontraditional orthogonality conditions for the damped mode shapes are presented. Also presented are the
modified forms of matrix iteration required to calculate eigenvalues and mode shapes for the damped structure.
The continuum formulation, also incorporating the fractional calculus model, is used to verify the finite element
approach. The location of the poles (damping and frequency) are found to be in satisfactory agreement, as are

the modal amplitudes for the first several modes.

Nomenclature

{ } =column matrix

{7 =row matrix

[ ] =square matrix

a,(t) =modal participation function

A, (8) =Laplace transform of modal participation
function

G,.G, =model parameters

{F(s)} = Laplace transform of applied forces

K] =stiffness matrix

[M] =mass matrix

t =time

{x(8)} =nodal displacements

{X(s)) =Laplace transform of nodal displacements

« =model parameter

v () =shear strain history

v*(s),y*(w) =Laplace and Fourier transforms of the strain
history

A =nth eigenvalue

7(1) =shear stress history

7*(s),7*(w) =Laplace and Fourier transform of the stress
history

{6,} =nth mode shape

( : ) =expanded equations of motion

() = quasimodes and quasieigenvalues used in the

iterations for higher modes

Introduction

HE fractional calculus approach to the analysis of visco-

elastically damped structures has several very attractive
features. The first is that the mathematical form of the frac-
tional calculus viscoelastic model has its foundation in ac-
cepted molecular theories governing the mechanical behavior
of viscoelastic media.! The model satisfies the Second Law of
Thermodynamics? and predicts elliptic stress-strain hysteresis
loops for viscoelastic materials.®> This viscoelastic model has
very few parameters, thereby lending itself to straightforward
and accurate least-squares fits to measured frequency-
dependent mechanical properties. To date, more than 130
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viscoelastic materials have been described in this way, produc-
ing models accurate over at least three, and typically six,
decades of frequency.*® When introduced into finite element
equations of motion, the fractional calculus models produce
well-posed differential equations of motion possessing closed
form solutions.” Structural responses can be calculated for
any loading history having a Laplace transform, and the
responses are always real, continuous, and causal functions of
time.2 All these features of the fractional calculus approach
make it an attractive alternative to existing methods.

At present, the viscoelastic models popularly applied in
structural analysis employ one of three approaches. The first
is to relate time-dependent stresses to time-dependent strains
through a series of time derivatives acting on the stress and
strain fields. This is, of course, the classical viscoelastic model
presented in many textbooks. The major drawback of this ap-
proach is that a large number of derivative terms, acting on
stress and strain, are required to model the frequency-
dependent stiffness and damping properties for many visco-
elastic materials.® This complicates the process of performing
a least-squares fit of the model to the data. Once the model
has been developed, the equations of motion (which have been
made extremely complex through the inclusion of many
derivative terms) remain to be solved.

An alternative approach to modeling viscoelastic behavior is
to store the value of the complex frequency-dependent
modulus at many frequencies in the computer and retrieve the
data as necessary to calculate the response. Experimental error
in the data may lead to a stored modulus that does not satisfy
the special mathematical relationships that must exist between
the real and imaginary parts of a transform.’” Another
drawback of this approach is the computer memory and time
required to calculate any nonperiodic response of the struc-
ture. A completely numerical evaluation of the inverse
Laplace or Fourier transform must be used to calculate the
response at each point in time for which the solution is
desired.

Because these two techniques are only marginally attractive,
the “‘structural damping model’’ is commonly used to model
viscoelastic behavior. The attractive feature of this model is its
simplicity. One models the modulus with a complex constant
chosen to approximate the modulus over the entire frequency
range of interest. It is easy to show that this model can lead to
violations of the Second Law of Thermodynamics, as solu-
tions to the resulting equations of motion may predict an ex-
ponentially growing response to decreasing loads. This may be
avoided by using a function that changes the sign on the im-
aginary part of the modulus for negative frequencies; but the
modified model then predicts a noncausal structural response
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Fig. 1 Simply supported cantilever beam.

to impulsive loading, as was shown by Crandall.!® As the non-
causal behavior is small for lightly damped structures, one
may be tempted to use this model to calculate the transient
response in such cases. At larger levels of damping, however,
the noncausal behavior (the amount of response before the
load is applied) becomes more appreciable and the credibility
of this model comes into serious question. Although not truly
appropriate for transient motion, this model describes
sinusoidal, steady-state motion of the structure very well.

These three means of including viscoelasticity or structural
damping into analyses all have disadvantages. In contrast, the
fractional calculus model is an attractive alternative in that it
produces a compact analytic representation of a complex
modulus, well behaved in both the frequency and time do-
mains, and predicts causal structural responses. B

The fractional calculus appraoch to modeling viscoelastic
behavior began with Nutting’s observation that stress-
relaxation phenomena could be modeled by fractional powers
of time!! instead of decaying exponentials. Scott-Blair’s
work!? suggested the first use of time derivatives of fractional
order to model Nutting’s observations. Caputo®® indepen-
dently suggested the use of fractional calculus to model the
viscoelastic behavior of geological strata. Several other
authors—i.e., Slonimsky,'* Smit and deVries,!* and Calleja
and Guzman'®—have suggested very similar fractional
calculus models for the viscoelastic phenomenon. Shestopal!’
has discussed mechanisms whereby tungsten and platinum at
high temperatures behave as a generalized Maxwell body with
exponents of 3 or V4, and related these to the work of
Shermergor,'® who observed that such models are equivalent
to fractional differentiation. While first explored as an em-
pirical method of describing viscoelastic behavior, the frac-
tional calculus approach has recently been linked with
established molecular theories governing the behavior of
viscoelastic media.! This link removes fractional calculus
models from the realm of empirical ‘‘curve fits’’ and enables
the models to be used in structural analysis with much greater
confidence.

Although the ability of the fractional calculus model to
predict the transient response of a single-degree-of-freedom
system has previously been established through comparison
with experiment,!® it is the purpose of this paper to
demonstrate the application of the fractional calculus model
to the finite element analysis of a multi-degree-of-freedom
structure of engineering interest. The problem chosen is the
transient response of a simply supported beam with a con-
strained viscoelastic damping layer (Fig. 1). We feel that the
results of the analyses that follow demonstrate that the frac-
tional calculus approach contributes substantially to the
analysis of transient motion in viscoelastically damped
structures.

The Problem

We wish to demonstrate the methods used in calculating the
transient response of a moderately damped structure based on
a finite element formulation of the equations of motion, in-
corporating a fractional calculus model of the damping
material. In particular, we will describe the construction of the
equations of motion, the resulting nontraditional orthogonal-
ity conditions for the damped mode shapes, and the modified
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form of matrix iteration used to find mode shapes and eigen-
values. Finally, we will calculate the transient response of the
beam.

The results of the finite element solution will be compared
with the predictions of the sixth-order continuum beam theory
for constrained layer damping. These results will be obtained
by using the correspondence principle to introduce the frac-
tional calculus model of the constraining layer into the equa-
tion of motion and boundary conditions. Since the damped
mode shapes are sinusoidal in the simply supported case, the
continuum model can be solved for transiént response in a
relatively straightforward manner. Consequently, we will be
comparing a continuum formulation and a finite element for-
mulation, both employing the same fractional calculus model
of the damping layer.

We believe the simply supported constrained layer beam to
be a good test case. The presence of the copstraining layer in-
creases the effective damping of the viscoeldstic layer, insuring
a moderately damped structure. The structure and the loading
are symmetric, requiring us to perform the finite element
analysis on only half of the beam (Fig. 2). This reduces the re-
quired number of degrees of freedom by almost half. The par-
ticular loading case we will consider is a unit step load, applied
downward at midspan. Before proceeding to the analyses, we
will review certain aspects of the use of fractional calculus in
viscoelastic models.

The Fractional Calculus Viscoelastic Model

The form of the model considered here is based on its ability
to portray accurately the mechanical properties of many
materials in the rubbery and transition regions of the material.
For such cases, let

(1) =Gy (1) + G, D*[v()] )

The general form of this model is identical, or almost iden-
tical, to all of the fractional calculus relationships reported in
the literature referenced above. The time-dependent shear
stress 7(f) is expressed as a superposition of an elastic term
Gyv(?) and a viscoelastic term containing a derivative of frac-
tional order, a. The fractional derivative

D[x(t)] =

! dgt X1 4 o<a<l @)

T(I—a) dtdo (1—1)®

as used here is the inverse operation of fractional integration
attributed to Riemann and Liouville.2

To demonstrate the manner in which this model
characterizes the frequency-dependent properties of the
materials, the Fourier transform is used

Fix(t)] = S: x(tHe @ df=x*(w) 3

Since we will be dealing with those functions, x(f), which are
zero for negative time, the lower limit of integration may be
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set at zero. Taking the transform of the fractional derivative,
as defined above, produces a useful relationship.

FID*[x(2)]] = (iw)*F[x(£)] €))
A similar relationship holds for Laplace transforms.
L[D*[x(£}]1=s*L[x(#)] %)

where
Lix(®)] = S: x(t)e sdt (6)

The Fourier transform of the fractional derivative model, Eq.
(1), is then

™ (0} =Gpy* (@) + G, (iw)*y* (@) M

where 7*(w) and v*(w) are the transforms of the stress and
strain histories and G,, G,, and o the parameters of the
model. Thus, the fractional derivative model predicts a
frequency-dependent complex modulus of the form

G*(w) =Gy + Gjeos(ma/2)w* +iGsin(ma/2)w* ®

The properties of Butyl B252 will be used in this example. The
static modulus G, is*!

G, =7.6x10° N/m? ©
The order of the fractional derivative « is taken to be one half,
a=0.5 (10)

and the coefficient G, is determined by performing a least-
squares fit to the measured complex modulus?? as shown in
Fig. 3. Notice the excellent agreement between the model and
the measured data points.

7(2) =(1.6 X 10°)y(#) + (2.95 X 10°)D* [y (2)] (11)

for ¢ in seconds and 7 in Newtons/meter?.

The agreement between the model and the data is no acci-
dent. The mathematical form of the model, Eqg. (11), is also
motivated by molecular theory governing the behavior of
viscoelastic media. The molecular theory of Rouse?® for the
mechanical properties of dilute polymer solutions, modified
by Ferry et al.?* for application to polymer solids with no
cross-linking, predicts a constitutive relationship of the form!

7(1) = (3upRT/2M) " D” [y (1) ] (12)

Here, p is the steady flow viscosity, p the density, R the univer-
sal gas constant, 7 the absolute temperature, and M the
molecular weight. The appearance of the one-half derivative is
striking. Equation (12) contains no elastic term because the
molecular theory does not consider cross-linking; hence, it is a
complete description only for a material that cannot sustain a
static load.

Although the model of Butyl B252 shown in Fig. 3 and in
Eq. (11) is an empirical curve-fit, the presence of the one-half
derivative both in the fit and in Eq. (12) enables one to use the
model with greater confidence. The model for Butyl B252 is
valid from zero frequency (static loading) through 10*
cycles/s. This is precisely the frequency range in which we
wish to calculate the transient response of the beam. Conse-
quently, a fractional derivative of one-half will be used in the
analysis to follow. The literature cited above provides both
empirical and theoretical bases for this. There are, however,
materials for which one-half is not the best choice. The
analyses to follow may be accomplished for « taking the value
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Fig. 3 Fractional calculus model for Butyl B252 (dissipation
modulus plotted down one decade).

of any rational fraction between 0 and 1, but the number of
calculations required varies proportionally with the magnitude
of the denominator of a.

The Continuum Formulation
We wish to determine the transient response of a simply sup-
ported beam with a constrained layer-damping application
(Fig. 1) by using modal analysis. We begin with the sixth-order
differential equation of motion for the damped beam,?’

Fw *w (ph)e< F*w Fw )
ALY I Y,
P NI 2 T Y-

1 ¥q
AT a3
13

The constant coefficients in this equation are defined by

_EW N E 8

D =2
2 12 a4
SO (L) 5
8= \E,x TEL (13)

h+t,

dz(tv+ > ) (16)
Y—d2(1+])—1 17
D, \E,h E., an

where E, and E, are the elastic moduli of the beam and the
constraining layer; 4 and ¢, the depths of the beam and the
constraining layer; f, and G* the depth and shear modulus of
the damping layer; (p#), the mass per unit length of the com-
posite beam; and g the distributed vertical load on the beam.
This configuration has been discussed more completely
elsewhere. 2627

The boundary conditions associated with the simply sup-
ported case are zero displacements at both ends,

w(x,t)=0; x=0,L (18)

zero bending moments at both ends,

Fw
720; X=0,L (19)

and zero axial loads in the constraining layer and the beam at
the ends.
This condition is satisfied if
Fw Fw h 3w
YIOF -0

2o D, a2

x=0,L  (20)
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For the simply supported beam, an assumed solution of the
form

w(x,t) =sin{nwx/L)a,(t), n=123... 21n

satisfies all boundary conditions. Substituting this assumed
solution into the equation of motion and performing the
Laplace transform produces an auxiliary equation of the form

() e () -2 () e -
(T g(1+Y‘)(L) D, ) T8]s=0ed

The frequency-dependent modulus resulting from the frac-
tional calculus is introduced into the auxiliary equation by in-
voking the correspondence principle.?® Taking the Laplace
transform of Eq. (1) and noting the relationship in Eq. (5), the
transform of the viscoelastic stress-strain law is

7*(8) = Gyy* (8) + G s%v* (s) 23)

Thus, the appropriate shear modulus to use in the cor-
respondence principle is

G*(s) =Gy + G,s 24)

For a= Y, Eq. (22) produces

D(s)=—(¥)6—(go+g1syz)(1+ Y) (?—)4
_ (Ph>e[<ﬂ>2 22 5/2]
D, 7 s?+gost + g8 (25)

where the roots satisfy D(s;) =0 and

G, ( 1 1 )
= + 26
8= "\E,n " E. (26)

v

and

- ( L, ! ) @7
8= "\E,h " E..

v

This is a fifth-order polynomial in s” which, at its roots, takes
the form

D(s;)=(s" —5) (87 —8,) (57 —53) (87 —5,) (s —55) =0
(28)

Since the coefficients in Eq. (25) are real, roots s,-s5 occur in
complex conjugate pairs or are real. In this case, we find two
sets of conjugate pairs and one real root.

To solve for the transient response to a unit step load ap-
plied at the midspan of the beam at time zero, the load is
represented as

q(x,t) =6(x—L/2)u,(1) 29

where & dénotes a spatial delta function.

Having obtained the roots of the auxiliary equation, one
can return to the forced equation of motion [Eq. (13)] and
determine the Laplace transform of the contribution of each
mode to the transient response. To find the contribution of the
nth mode to the response, assume w(x,?) to be as given in Eq.
(21), substitute this form into Eq. (13), multiply both sides by
sinnmx/L, integrate from 0 to L, and take the Laplace
transform of the resulting fractional order differential equa-
tion. The equation for the nth mode is
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o (7)) 5 (nF)
A, (s)= 1D, [(L) + (8 +8,57) sD(s) \U0 30)

where D(s) is defined by Eq. (25). Thus, we can construct the
Laplace transform of the transient response of the damped
beam using the continuum formulation.

The Finite Element Formulation

The finite element formulation of the equations of motion
for the damped beam begins in the traditional fashion, except
for the treatment of those elements in the viscoelastic layer
(Fig. 2). The stiffness matrices for the rectangular elements
used in the viscoelastic layer are first constructed as though the
elements were elastic. The elastic shear modulus is then fac-
tored out of each term in the element stiffness matrix,

E

[K,] =—m

[K'] (€1))

and the elastic-viscoelastic correspondence principle?® is again
applied. Replacing the elastic shear modulus with the
representation obtained from the fractional calculus visco-
elastic model, Eq. (24), produces

[Ke ()] =(Gp+Gs*) [K'] .(32)

With =% the general form of the finite element equations
of motion in the transform domain becomes

[ [M] + (Gp+ G;s”) [K' 1 + [K11{X(s)) = {F(5)] (33)

where [M] is the mass matrix containing terms from the
elastic and viscoelastic finite elements in the beam, [K’] the
stiffness matrix constructed from the finite elemeénts in the
viscoelastic layer with the shear modulus factored out, and
[K] the normal stiffness matrix for the elastic beam and the
elastic constraining layer. :

As shown in Fig. 2, the elastic constraining layer is modeled
by four-degree-of-freedom (DOF) rod elements and consistent
mass matrices. The elastic beam is modeled using quadratic
displacement triangles and their consistent mass matrices. The
viscoelastic layer is modeled by eight DOF rectangular QM6
elements?® and diagonal lumped mass matrices, where a
quarter of the element mass is associated with each DOF.

Putting the equations of motion in more compact form
yields

[s7[M] +5” K]+ [Kp] 1 {X ()} = {F(s)) (34
where
[Kol =Gy[K'] + [K] (35)
and
[K;1=G,[K"] (36)

We now wish to decouple the equations of motion and solve
for the modal contributions to the transient response of the
beam. Consequently, we must solve the homogeneous equa-
tions for eigenvectors and eigenvalues and construct an or-
thogonal transformation to decouple the forced equations of
motion. However, it is impossible to construct an orthogonal
transformation that decouples, in general, the equations of
motion in their present form [Eq. (34)]. The problem is that
traditional methods cannot be applied because elements in the
stiffness matrix contain the Laplace parameter. One approach
might be to construct an orthogonal transformation that
simultaneously diagonalizes the three real, symmetric
matrices, [M], {K,], and [K,]. Unfortunately, this ap-
proach will not work for most situations.
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An approach that does work is to pose the equations of mo-
tion in terms of two real, square, symmetric matrices. This
revised form of the equation of motion is

0o 0 0 M {X(s)] s
0 0 M 0 (X(s)} s
51/2
0 MO0 0 (X(s)} s'2
| M 0 0 K, {X(s))
T 0 0 -MO {X{s)} §372 0
0 -M 0 0 {(X(s)} s 0
+ -
-M 0 00 (X(s)} s2 0
0 0 0 K, {X(s)} {F(s))
37

and will be referred to as the expanded equations of motion.
Notice that the lowest set of partitioned matrix equations is
the original equation of motion and that all of the other sets
are satisfied identically. The importance of the expanded set
of equations is that they lead us to orthogonality conditions
for the mode shapes of the damped beam, {¢;]}.

The mode shapes must satisfy the following equations:

0 0 0 M N (¢;)
0 0 MO N{e;)
Mo Mo o N ()
M0 0 K, {$;)
0 0 —-M 0 N (4} 0
0 -M 0 0 N{¢;] 0
+ = (38)
-M 0 0 0 Ni{o;) 0
0 0 0 K, {9;] 0
Expressed in more compact notation, this becomes
N1 () + [R1(8,) = 10) (39

where [M] and [K] are pseudo-mass and -stiffness matrices,
respectively, and {#;} is a pseudo-eigenvector. The or-
thogonality conditions for the eigenvalue problem posed in
Eq. (39) are

(6,37IM1{$;}=0 N\ =\ (40)
and

(6,17 [K1(d;}=0 N =N\ 41)

For N,=X;, the multiplications produce the elements of
diagonal matrices [/#,] and [k,]. Posing Eq. (40) in terms of
the actual mode shapes of the damped structure, {¢,} and

{#;} (instead of the expanded eigenvectors {5,} and {JJJ-}),
produces

N +MN AN M) (6,17 [M] {9
+{6,)T[K;1{¢;} =0  N#N\ 42)
Similarly, the orthogonality condition for the pseudo-stiffness
matrix [Eq. (41)] expressed in terms of the mode shapes {¢,}
and {¢;] is
— (9N NN NN (6,1 T IM] (6))

+{o 37K, {¢;3=0 N#=N\ (43)
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Note that if the viscoelastic damping matrix [K; ] =0then Eqs.
(42) and (43) would reduce to the traditional orthogonal-
ity conditions with respect to the mass and stiffness matrices for
an undamped structure.

A potential obstacle to the numerical analysis is that the
pseudo-mass and pseudo-stiffness matrices appearing in Eqs.
(37) and (38) are of order four times greater than the number
of degrees of freedom in the structure. Another potential
problem concerns the magnitudes of the eigenvalues A.
Although not readily apparent, the eigenvalues occur in
groups of four (two pairs of complex conjugates) where, for
small damping, all four eigenvalues have approximately the
same magnitudes. Hence, classical methods of matrix iteration
will have considerable difficulty separating eigenvalues and
eigenvectors. These problems can be overcome by modifying
the process of matrix iteration.

We begin by returning to the bottom set of partitioned
matrix equations appearing in Eq. (38),

[N IM] +N K]+ [Kpl] (9, = (0] 44

and using this equation to construct a recursive relationship to
find the first mode shape and associated eigenvalue.

1
INO LK1+ [Kpl 17 M1 (g, ) D = _—)’\;‘(7;‘,)—{‘151}(“” 45)
1

Here, £ and {+ 1 denote successive estimates of the first eigen-
value and first mode shape. This recursive relationship differs
from the classical approach by using successive applications of
the matrix iteration processes. Initial estimates of the first
eigenvalue, A\{”, and the first mode, {¢,}!, are made and
substituted into the recursive relationship. Matrix iteration is
then applied [with the eigenvalue on the left-hand side of Eq.
(45) held fixed] until the mode shape stops changing. This
produces second estimates of the mode shape and eigenvalue.
These estimates are substituted into the recursive relationship
and matrix iteration is again applied (with A{? held fixed on
the left-hand side) until the mode shape stops changing. This
produces the third estimates of the mode shapes and eigen-
value. This process is continued until successive estimates of
the eigenvalue converge. Actually, it must be done four times.
Since each estimate is of the fourth power of A{**7), each of
the four branches of the fourth power must be used on the
left-hand side. Thus the recursive process produces four
distinct values of A;, each corresponding to a different branch
of the quarter-root function. All, however, are associated with
the lowest frequency of the structure.

The four eigenvalues occur in complex conjugate pairs, each
pair describing a different motion of the structure. One pair
forms poles in the system transfer function and produces ex-
ponentially decaying sinusoidal motion. The other pair forms
poles in the system. transfer function on other Riemann sur-
faces and produces a monotonically decreasing response of the
structure. The decaying sinusoidal motion describes motion at
the natural frequencies of the system, while the monotonically
decreasing miotion describes a creep response that may occur.

Having obtained the smallest eigenvalues and associated
mode shapes for the structure, we must now calculate the
eigenvalues and mode shapes associated with the higher
natural frequencies. The recursive relationships used to obtain
those eigenvalues and mode shapes associated with the second
resonance follow from adapting Turner’s method to this
problem.30

__1 N N N
[)\é") [K1]+[Ko]] IM]{é;)=—(I/\]) (¢} (46)
and
[[W) LK1+ (Ko )1/ (M1 = (/) ($,) {<2>1}T[M]] N

= — (I/NED) (g, 0 47
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These relationships are used to calculate successive estimates
of the second eigenvalues \,, again using several applications
of the matrix iteration process. An initial estimate of the sec-
ond eigenvalue, A\§", is made and used in Eq. (46) to deter-
mine, through iteration, values of the first quasi-mode shape,
Ld) 11, and the first quasi-eigenvalue, A%. The values of ) 1}
ISR and A are then substituted into Eq. (47). The quasi-
eigenvalue and -eigenvector are held fixed, and iteration is ap-
plied until the mode shape {¢5} converges. This establishes
the four values of the second estimate of the second eigen-
value, N\§?, and the corresponding modes shapes. Each of the
second estimates of the second eigenvalue A§? are then
substituted into Eq. (46) and used to improve the values of the
quasi-eigenvalues and -eigenvectors. Equation (47) is then
used to find new eigenvalues 2§, and the entire process is
repeated until convergence is achieved.

Application of Turner’s method to the determination of the
third eigenvalue and mode shape produces recursive relation-
ships of the form

[M“[KI]+[Kol]”[Ml{$11=<1/X1>{q3,1 (48)

1 . - -
[[M” [K;]1+[Kp1]17'[M] ——)\7{¢1}{¢1]T[M1] {o:)
1

1 .
= ——)g{%} 49

1 . .
[[)\y) [K; 1+ [Ko]]_1—7{¢1}{¢1}r
1

1 . - 1
_7\?{%} {¢21T] [M] {3} D) = —W{%}‘”” (50)

Substituting the initial estimate of A; into all three equations,
Eq. (48) produces )\1 and {¢ 1}, Ea. (49) generates )\2 and
{¢2} and Eq. (50) yields the next estimates of \;. It is to be
remembered that the process is to be used for each of the
branches of the fourth root of Af. The algorithm for the
fourth and higher eigenvalues is evident. This numerical pro-
cedure does in fact converge to those terms appearing in the
solution of Eq. (38). Unfortunately, the algorithm is not very
efficient. Convergence times increase dramatically as the level
of damping increases.

Having found the eigenvalues and mode shapes, we can now
construct the orthogonal transformation that decouples the
expanded equations of motion for forced motion [Eq. (37)].
The expanded eigenvectors appearing in Eq. (38) are con-
structed from the known eigenvalues N; and the known mode
shapes {¢;}. The orthogonal transformatlon matrix [¢] is
constructed from the expanded eigenvectors. Applying the or-
thogonal transformation to the equations of forced motion
[Eq. (37)] produces

s* 1T IM] (1 (A, ()} + [1T[K][S]{A,(s)}
=[$1T{F(s)) (51
Performing the matrix multiplications and solving for A,(s),

the transform of the expanded modal participation factors,
results in

- _ (6. )T{F(s)}
A, (s) T RTAS WY (52)
where
)‘nz _(Ign/fhn) (53)

By virtue of the nature of the right-hand side of Eq. (37), this
reduces to

{9} TIF(s)}

Al = )

(54
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The general form of the transform of the transient response of
the beam is

{X(s)) EA () {6} (55

For a vertical uriit step load at the jth DOF, this leads to

¢n<

— J
(X(s5)) = E——m T et (56)

This completes the solution for the transform of the transient
response as obtained by a finite element model of the beam.

Continuum Model vs Finite Element Model

To compare the results produced by the two models of the
beam, we would like to determine the inverse of the
transforms already found and compare the results in the time
domain. However, the finite element model predicts types of
motion not described by the continuum model. The con-
tinuum model is predicated on bending and axial motions only
in the beam and constraining layer, respectively, and shear
motion only in the constrained layer. The finite element model
is not so restricted. For instance, the finite element model
describes motion of the constraining layer oscillating vertically
with respect to the beam, including a thickness stretch motion
in the viscoelastic layer. Several motions that involve very little
beam bending begin to appear at frequencies just above the
second bending mode of the beam. These motions are not
predicted by the continuum model because of the simplifying
assumptions incorporated in its development. Consequently,
the comparison of the continuum model and the finite element
model will be made only in terms of motions common to both.

The time domain responses of the first two symmetric bend-
ing modes are shown in Figs. 4-7. Figures 4 and 5 are the
modal participation time histories of the first two symmetric
modes as predicted by the continuum model. Figures 6 and 7
are the corresponding responses from the finite element
model. In both cases, the downward unit step load causing the
motion is applied at midspan. In the finite element model, the
unit step was applied at the center node on the horizontal
midplane of the beam. The responses shown do not include
the nonoscillatory motion discussed earlier.

In both cases, the transient responses have been calculated
from the transforms of the transient motion using contour in-
tegration in the complex s plane and the residue theorem. The
particular method used has been reported elsewhere” and will
not be repeated here. The responses shown in Figs. 4-7 are
those parts of the total response produced by the residue of the
poles contributing to the contour integration process. They are
the exponentially decaying sinusoidal motion about the static
deflection caused by the unit step load. The viscoelastic creep
behavior in the structure is accounted for by two segments of
the contour integration along the branch cut of the function
5% . These contributions to the response are not shown in Figs.
4-7 because we wish to focus on the decaying, oscillatory
bending behavior.

The responses of the first and third modes of the continuum
model (Figs. 4 and 5) are calculated by taking the transform of
the modal response and calculating the residues of the poles in
the integrand of the inverse transform. The contributions
from the residues are

a,(ty= Y lim (s—s5,)A4,(s)e" 57
J ST

where s; are the poles. The location of the poles associated
with the first mode are

5;,= —38.86+i1431.62 (58)

$3=0+1i0 (59)
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Fig.

Fig.

Fig. 6 First mode response for the finite element model.
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The pole at the origin describes each mode’s contribution to
the static deflection of the beam after the motion has died out.
The poles associated with the third mode are

5;,=—167.48+i12503.2 (60)
s;=0+1i0 (61)

The responses of the first and third modes predicted by the
finite element formulation (Figs. 6 and 7) are calculated in
essentially the same manner. The four terms produced by Eq.
(56) associated with the first mode as identified. The sum of
these terms is substituted into Eq. (57) and the residues are
calculated. The poles associated with the first mode shape are

55,2= —32.39£i1402.24 (62)
53=0+10 (63)

The third mode response is calculated using the same method.
Those poles associated with the third mode shape are

s,.2=—177.48 £i11281.1 (64)
s3=0+i0 (65)

The poles and their corresponding residues are real or occur
in complex conjugate pairs and the predicted structural
responses are real. The modal responses are discontinuous at
time zero, but these responses are not the total responses of
the beam. The proof that the total response of systems such as
this is continuous for all time is given elsewhere.? This proof
also assures that the total response of the beam is always
causal.

Close examination in Figs. 4-7 shows some differences be-
tween the responses predicted by the continuum and finite ele-
ment formulations. The finite element formulation predicts a
smaller amplitude of first mode motion and larger amplitude
of third mode motion than the continuum formulation. The
finite element formulation also predicts slightly lower frequen-
cies of oscillation which decay to slightly larger static deflec-
tions than those predicted by the continuum model. These dif-
ferences occur because the continuum model is based on a
Euler beam, which does not allow shear strain in the beam,
whereas the finite element model uses quadratic strain
triangles in the beam, and these elements do allow shear
strain. In light of this, it is to be expected that the finite ele-
ment formulation predicts a more flexible beam.

Conclusions

The fractional calculus model was incorporated without dif-
ficulty into the standard continuum model of the beam with a
constrained layer damping addition. For simple structures
such as this, it has been demonstrated that transient responses
may be computed while using a material model that describes
well the behavior of viscoelastic materials over a wide range of
frequencies. The superior material model enables results to be
obtained more accurately and efficiently than otherwise
possible.

However, not all structures may be modeled with a simple
continuum formulation such as that employed here. In many
cases, the finite element method has great utility. It has been
shown here that the desirable features of the fractional
calculus model may be retained while employing a finite ele-
ment solution for the transient motion of viscoelastically
damped structures. The satisfactory agreement between the
results obtained through continuum and finite element for-
mulations confirms the effectiveness of the special numerical
methods developed for the solution of the matrix equations.
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